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FRACTIONALLY CHARGED EXCITATIONS I N  QUASI-ONE- 
DIMENSIONAL SYSTEMS 

J. R.  SCHRIEFFER 
Department of Physics and 
I n s t i t u t e  for Theoretical Physics 
University of California, Santa Barbara 
Received for publication September 2 1 ,  1 9 8 1  

Recent theoret ical  studies have shown t h a t  i n  
quasi-one-dimensional conductors having a 
Peierls d i s tor t ion  of commensurability index 
n ( r a t i o  of the d is tor t ion  period t o  l a t t i c e  
spacing), there e x i s t  excitations whose charge 

2e 
n n i s  Q = 2e or - * e.  These exci ta t ions 
~. _. 

are  kinks i n  the order parameter 9 describing 
the l a t t i c e  dis tor t ion.  I n  trans polyacety- 
lene, n = 2 and Q = 0, * e with spin S = *, 
0 respectively. For n = 3 (e.g. TTF-TCNQ a t  

- 0 respectively. Electronic s t a t e s  local- 2'  
ized a t  the kink have energies i n  the Peierls 
gaps. Properties of these s tab le  f rac t iona l ly  
charged objects a re  discussed. 

1 4 
f - e ,  - e with spin S = O ,  1 19Kb) Q = * y e ,  3 

I .  INTRODUCTION 

Fractionally charged exci ta t ions have often been 
considered i n  the past. Recently, however, i t  has 
been shown how a theory containing only fundamental 
pa r t i c l e s  of integer charged Q can lead t o  excita- 
t ions having charge q which i s  a fraction of Q. In  
a continuum model of charge density waves i n  one- 
dimensional metals it waf shown by Rice, Bishop, 
Krumhansl and Trullinger tha t  commensurability 
e f fec ts  can s t ab i l i ze  kinks which carry a charge 
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210 J. R. SCHRIEFFER 

q = A e / n ,  where A9 = 2n/n, with n being the com- 
mensurability, e.g. n = 2 for a dimerized system, 
n = 3 for a trimerized system. 

Independently, Jackiw and Rebbia studied a 
r e l a t iv i s t i c  f ie ld  theory model i n  one dimension 
i n  which a spinless Dirac f ie ld  i s  coupled t o  a 
self-interacting Bose f ie ld  having two degenerate 
mean f ie ld  ground s ta tes .  They found that the 
model possessed soliton excitations which corres- 
pond t o  a change i n  the number of Dirac fermions 
i n  the vicinity of the kink being a. A c-number 
Fermion s t a t e  a t  zero energy was found whose wave- 
function was localized about the soliton. Depend- 
ing on whether t h i s  s t a t e  i s  occupied or not, the 
solitons would carry Fermion number f 8 ,  corres- 
ponding to  charge f e/2. 

Independently, J. Hubbard" studied a one- 
dimensional t ight  b inding  chain with very large 
on-site repulsions and weaker nearest neighbor 
interactions. I n  t h i s  l i m i t ,  the problem s p l i t s  
i n t o  a s e t  of spinless Fermions and a s e t  of 
Heisenberg spins. Hubbard showed that  for one 
electron per two sites on average (quarter f i l l e d  
band), an injected electron would s p l i t  in to  two 
kinks, each of charge - e/2. A related problem 
w i l l  be discussed by M. J. Rice i n  the following 
paper 

Motivated by experimenp on trans (CH)x, Su, 
Schrieffer and Heeger (SSH) studied a one- 
dimensional model of electrons hopping along a 
chain, with the hopping integral  linearly modulated 
by l a t t i ce  displacemgnts. 
carried out by Rice. Because of the Peierls dis- 
tortion, the mean f ie ld  ground s t a t e  is  degenerate. 
For the half-f i l led band (one electron per s i t e  on 
average) appropriate t o  undoped (CH) , the ground 
s ta te  i s  twofold degenerate. I n  thig model, the 
symmetry breaking (loss of inversion symmetry i n  
the phonon coordinates) i s  dynamically generated 
by the electron-phonon coupling as opposed t o  the 
imposed broken symmetry i n  the r e l a t iv i s t i c  model 
of Jackiw and Rebbi. For the (CH) model, i t  was 
found that  there are low energy exgited s ta tes  
corresponding t o  solitons which ac t  as moving walls 
separating domains having different ground s ta tes ,  
A and B. For each isolated soliton, an electronic 
s t a t e  occurs i n  the center of the Peierls gap w i t h  

Similar studies were 
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FRACTIONALLY CHARGED EXCITATIONS 21 I 

a wavefunction centered aboyt the sol i ton,  as  i n  
the Jackiw and Rebbi model. " An important d i f f e r -  
ence, however, i s  tha t  i n  (CH) electrons of both 
spin orientation enter symmetr&ally i n  the Fermi  
sea so tha t  the charge q = f 7 i s  "spin masked," 
being doubled t o  q = f e. These s t a t e s  are of spin 
zero, while fo r  (CHI there i s  an added charge s t a t e  
of the sol i ton,  q = 5 with spin 9. Thus, instead 
of f rac t iona l  charge being d i r ec t ly  observable i n  
(CH) , the e f f ec t  appears as  an interchange of the 
convht ional  charge-spin re la t ions  of electroni: 
exci ta t ions in  solids:  instead of q = * e,  S = z 
for  conventional electrons and holes, one has 
q = e,  S = 0 for charged sol i tons and q = 0, 
S = 4 for neutral  sol i tons.  
charge-spin re la t ions  of the underlying electron 
f i e l d  i s  charac te r i s t ic  of the so l i ton  exci ta t ions 
i n  a degenerate ground s t a t e  system. 

The one-third f i l l e d  band (qrimerized chain) 
was studied by Su and Schrieffer using the SSH 
hamiltonian. A consequence of the threefold de- 
generacy of the ground s t a t e  i s  the existence of 
two types of kinks, K1 and K2,  each having three 

3 ' 3 '  charge s ta tes :  

e 

This breaking of the 

-2e g -4e for  K1 and - 2 e  -e 
3 , 3, 3 

4e 
3 and - for  K2.  The spin of the f 3 kinks is  S = +  

while the other kinks have S = 0. Thus, spin no 
longer masks f rac t iona l  charge for  trimerized 
chains. B e l o w  I discuss the or igin of these re- 
s u l t s  derived i n  collaboration with W. P. Su. 

11. TRIMERIZED CHAIN 

We consider the model Hamiltonian 

n s  

n n 

where un i s  the displacement of the nth un i t  from 
i ts  equilibrium position, c+ 
creation operator on the 

i s  the T electron 
nsnth u n i t  and M i s  the 
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212 J .  R. SCHRIEFFER 

x 
-2.765 

-2.768 

mass of one u n i t  of the chain. K i s  an effective 
spring constant describing a harmonic approximation 
to  the a bond energy. 

For the perfectly trimerized chain, we write 
i n  the (adiabatic) mean f ie ld  approximation the 

eneral function having the translation symme- 
mostgn t r y  = 3,  

u=o.o4 I I  
-- - 

u407 d 

- 
C A E C A  

u n = u c o s ( y n  - e )  . 
I n  Figure 1 the energy per s i t e  i s  plotted as a 
function of 8 for three values of the .amplitude 
u = 0, 0.044 and 0.07A where, as  an example, we 
have chosen the (CHI, parameters to = 2.5 eV, 
a! = 4.81 eV/i, K = 17.4 eV/A2. 

- 0, f - n 
3 '  imized by - - - 6 

u 0.071. As one can see, the m i n i m u m  energy 
psth to  go between these minima is  by changing the 
phase angle e with the amplitude essentially fixed. 

3 2  This leads t o  a small barrier height of order A /to 

and a soliton width 6, - (9) a. 
system, only the amplitude variable exis ts ,  and the 

The energy is  min- 
277 f - 4n m o d  f 2T,. . .  and 

3 '  

2 t  2 
For the dimerized 

1 , I 
50. IW 2.70- 390. 

e 

FIGURE 1 Total energy per s i t e  plotted as a 
function of the phase angle 8 for three different  
values of the amplitude of trimerization u, 
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FRACTIONALLY CHARGED EXCITATIONS 213 

condensation energy passes through zero a t  the cen- 
t e r  of the kink, giving a ba r r i e r  height of order 

2 A / t o  per si te,  and a so l i ton  width 5,  - (2) a. 
Hence, the width of the trimerized so l i ton  is  
larger than tha t  of the dimerized system by the 

factor 2to >> 1. 

To  determine the charge and spin of the kinks 
i n  the one-third f i l l e d  band case, one cannot use 
the charge conjugation symmetry derivation which 
has been used for the dimerized system since t h i s  
symmetry gives no s ignif icant  information i n  t h i s  
case. Rather, one can use 1) a Green function 
method t o  determine the charge and spin density of 
the sol i ton or ,  2 )  a simple b u t  general argument 
based on t ranslat ional  invariance and charge con- 
servation. I t  i s  t h i s  l a t t e r  argument we present 
below. 

Consider an i n f i n i t e l y  long chain, - = <  n <  OD , 
- 0,  i .e.  the A ground s t a t e .  Suppose with B n  - - - 

tha t  e n  i s  adiabat ical ly  deformed so t h a t  the chain 
remains i n  the A s t a t e  for - - < n < n l ,  i s  i n  the B 

phase (8  - 
C phase (8  - = y) between n2  and n3 and f ina l ly  
returns t o  the A s t a t e ,  phase sh i f ted  by a t o t a l  

2n) .  The change of O n  near n 1' 2 of 2n(8 - = 

and n3 need not be abrupt, but the t rans i t ion  
region (sol i ton width) i s  assumed to  be small com- 
pared t o  the spacings n2 - nl,. and n3 - n2. 
w i l l  be a cer ta in  width 5 which w i l l  minimize the 
energy. As a r e su l t  of t i i s  phase deformation, one 
has created 3 type I kinks (i .e.  A'B,  B + C ,  C - A ) .  

To determine the charge and spin of the kinks, 
suppose tha t  one constructs two surfaces, one a t  
nk f a r  t o  the l e f t  of n1 and another a t  nr f a r  t o  
the r igh t  of n3. From global conservation of 
charge, we know tha t  the t o t a l  charge passing 
through these surfaces when en  i s  slowly deformed 
i s  the negative of the sum of the charges of the 
three sol i tons,  A Q  , 

n 
6 

= =) between nl and n2 ,  i s  i n  the 3 

n 6 

There 
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214 J. R. SCHRIEFFER 

where jr  and j, are the e l ec t r i c  current densit ies 
a t  the two surfaces. Since 8 

near n,, no current flows a t  t h i s  surface, while 
the charge passing the right-hand surface i s  the 
electronic charge i n  one u n i t  c e l l  of size 3aofthe 
trimerized chain, i.e. -2e and 

- - ' remains zero n 6  

A Q  = 2e . (4 1 

However, from the invariance of H under transla- 
t i o n s  a, it follows that  a l l  properties of the 
three kinks must  be the same. Thus, the fundamen- 
t a l  charge of type I kinks KO is  

AQ = 3QK = 2e 
0 

or 
2e 
3 QK = - 

0 

(5) 

A similar argument holds i f  the phase angle 8 
i s  decreased as one moves t o  the right so that  one 
passes from A t o  C t o  B t o  A moving from l e f t  t o  

4n , - 2n. The elec- 277 - o , - -  - -  
3 '  r ight ,  with 8 - - - 

t r i c  current i s  now i n  the reverse direction, and 
the fundamental charge of these type I1 kinks 
KO (antikinks) i s  

n 
6 

- 2e 
3 Q- - - -  

KO 

Since spin up and spin down s ta tes  are identically 
occupied during the adiabatic deformation,the spin 
of KO and KO i s  zero, 

s = s -  = o  . 
KO KO 

As i n  the dimerized case, localized s ta tes  
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FRACTIONALLY CHARGED EXCITATIONS 215 

---- *--- I---*-------*--- ------- 
n:-l 0 I 2  3 4 5 6 7  

B 

--..---*---.----*-------*---- 
n=- l  0 I 2  3 4 5 6 7  

FIGURE 2 The three degenerate ground s t a t e s  of a 
perfect ly  trimerized chain. 

are  expected i n  the electronic  energy gap connected 
with the sol i tons since s t a t e s  a re  missing from the 
valence band,leading t o  the fract ional  charge. 

the electronic  spectrum i n  the presence of-kinks. 
I f  one imposes a sharp kink K or antikink K on the 
system, one finds the spectrum shown i n  F i g u r e  3 .  
For the kink, there a re  two gap s t a t e s  
located i n  the upper half  of the lower gap and 
symmetrically i n  the lower half  of the upper gap. 
Direct calculation of the f rac t iona l  parentage 
coeff ic ients  of these s t a t e s  shows tha t  for  K, 

Using a Green function method one can determine 

and au  

lal (bl 

FIGURE 3 Gap s t a t e s  associated with (a)  a sharp 
type-I kink and (b) a sharp type-I1 kink. 
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216 J. R. SCHRIEFFER 

is  derived 1/3 from the bottom band and 2/3 from 
the middle band, while @ comes 1/3 from the top 
band and 2/3 from the miadle band. Since 1/3 of a 
s t a t e  i s  removed from the bottom band by K and a l l  
valence band s t a t e s  remain f i l l e d  as  K i s  created, 
it follows tha t  if @4 and @u are unoccupied ( K O ) ,  
then the charge of KO i s  QK = 2/3 e ,  i n  agreement 
with ( 6 )  and ( 8 ) .  However,Oif 9 ,  i s  singly occu- 
pied, then 

and if @& i s  doubly occupied, then 

Similarly, the antikink corresponds t o  having 
no holes i n  @&, i.e. 2 elgctrons, so tha t  i t s  
charge i s  

i n  agreement with (7). I n  (ll), the factor of two 
multiplying a r i ses  from two spin orientations 3 
i n  accounting for the missing charge i n  the valence 
band due t o  the removal of 2/3 of a s t a t e  per spin 
by an antikink from the lowest band. 
s t a t e s  are  spin paired for KO, it 

Since a l l  

s = o  
EO 

follows tha t  

(12 1 

Finally, i f  @& is singly occupied 

and i f  @& i s  empty, then 

i n  El, then 
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FRACTIONALLY CHARGED EXCITATIONS 217 

We see tha t  Kv and E, ac t  as an t ipa r t i c l e s ,  having 
the same spin but reversed charge. 

on creati,ng soli tons.  I f  the chain i s  t o  be unaf- 
fected a t  i n f in i ty ,  topological constraints-require 
tha t  kinks must be --- created i n  pa i r s  (KK or KK) ,  
t r i p l e t s  (KKK or KKK), or combination of these 
allowed se ts .  From the kink quantum numbers ( Q , S )  , 

A s  i n  the dimerized case, there a re  constraints  

one can see tha t  f rac t iona l  charge and spin cannot 
be created globally but only locally.  Hence, one 
would not be able t o  observe t h i s  type of f rac t iona l  
charge by measurements sampling the t o t a l  charge of 
the system. Rather, the f rac t iona l  charge r e f l e c t s  
an internal  d i s t r ibu t ion  of an integer t o t a l  charge 
of the system. One method for observing f rac t iona l  
charge i n  polymers is  through the shot noise voltage 
fluctuation spectrum. 

kink quantum numbers a re  
For nth order commensurability, the primative 

A s  above, KO and E 
and holes i n  the localized s t a t e s .  

can be decorated by electrons 
0 

111. REAL OR APPARENT FRACTIONAL CHARGE? 

The question has been raised whether the f rac t iona l  
charge discussed above i s  a quantum mechanically 
sharp observable or simply the quantum average 
of two or moree integer charges, the r e s u l t  of which 
i s  f ract ional .  I n  other words, i f  one can define 
a quantum operator Q which measures the charge 
of the sol i ton,  then i s  the probabili ty dis t r ibu-  
t ion P(Q)  of t h i s  operator i n  the one so l i ton  sector 

OP 
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218 J. R. SCHRIEFFER 

a del ta  func t ion  a t  the f r a c t i o n a l  k ink  charge Q, 

P (Q)  = a ( Q  - Q,) (17)  

or i s  it given by 

where Q1, Q2, .... are i n t e g e r s ,  and only  the ex- 
pected charge i s  f r a c t i o n a l  

An example of apparent  f r a c t i o n a l  Iharge , (18) and 
( 1 9 ) , i s  given by cons ider ing  the H ion.  Suppose 
the e l e c t r o n  i s  i n  the bonding (evgn p a r i t y )  molec- 
u l a r  orbi ta l  $+ and the i n t e r n u c l e a r  spacing is  
a d i a b a t i c a l l y  increased  t o  a very  large value.  
I n  t h i s  l i m i t  9, reduces t o  a l i n e a r  combination 
of 1s atomic orbi ta ls  cp centered  on the t w o  pro tons  
4, and r ,  

1 1 9, = - 9, + - cpr 
6 .Jz 

I f  Qop = n, i s  the occupation number for (p4, then  
1 
2 

= -  

However, because 
ments between 9, 
bonding s ta te  9 - 

Qo has nonvanishing matrix ele- 
aRd the n e a r l y  degenerate  a n t i -  

I 1 9- = - 9, - - cpr 6 A/z 
( 2 2 )  

O P  
it follows that  6, i s  not  an e igenfunct ion  of Q 
and the mean square f l u c t u a t i o n  i s  given by 

(23 )  
For this simple example, 
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FRACTIONALLY CHARGED EXCITATIONS 219 

The usual quantum theory of measurement interpre- 
ta t ion  of t h i s  f i c t i c ious  f rac t iona l  charge i s  tha t  
while the average (expected) charge i s  f rac t iona l ,  
only integer charge w i l l  be measured i n  any s ingle  
experiment. 

How i s  t h i s  re la ted t o  the kinks? The essen- 
t i a l  point i s  that  the off diagonal elements of the 
kink charge operator vanish exponentially i n  the 
l i m i t  of widely spaced kinks, ra ther  than approach- 
ing a constant (*, see Eq. ( 2 3 ) )  for the HZ example. 
Therefore the one sol i ton s t a t e  approaches an eigen- 
function of Q for widely spaced kinks. This 
c ruc ia l  diffepence a r i s e s  from the f a c t  there i s  a 
unique electronic ground s t a t e  of KK for any spacing, 
with no l o w  lying excited s t a t e s ,  a l l  excited s t a t e s  
having an energy of order or greater than A. 
thermore, even these s t a t e s  are not excited by a 
very long wavelength potent ia l  since a slowly vary- 
ing potent ia l  only couples t o  the t o t a l  charge of 
the system in  the v ic in i ty  of the kink. Therefore, 
the fundamental f ract ional  charge of the kink i s  
sharp and a r i se s  t o t a l l y  from the depletion of 
s t a t e s  from the f i l l e d  valence band when a so l i ton  
i s  formed. 

sol i ton,  %Qn for K ~ ,  

Fur- 

I f  Q measures the up spin charge on the 

A t o t a l l y  separate but somewhat confusing 
question is  the spacial  d i s t r ibu t ion  of charge 
located i n  the gap s t a t e s .  The discussion i n  the 
previous paragraph concerns configurations i n  which 
there are  no electrons i n  the gap center s t a t e s  or  
when these s t a t e s  are  completely f i l l e d .  I n  t h i s  
case there is  no degeneracy, and a slowly varying 
f i e l d  cannot admix gxcited s t a t e s .  Suppose, however, 
t ha t  we consider KIKo so tha t  there i s  one spin up 
electron i n  the gap center s t a t e  of K. This con- 
figuration is degenerate with KoK1: however, for 
f i n i t e  spacing there i s  mixing which produces the 
analog of the 9, s t a t e  of H b  
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I n  t h i s  case, the gap center electron f luctuates  
between K and E leading t o  a f luctuat ing K charge 
whose probabili ty d is t r ibu t ion  is 

which i s  t o  be compared w i t h  (24) showing a sharp 
dis t r ibut ion a t  Q = Q. Clearly, the f rac t iona l  
charge associated with the vacuum d e f i c i t  (or 
vacuum polarization) i s  a sharp quantum number, 
and it i s  t h i s  w e  re fe r  t o  when discussing frac- 
t iona l  charge. A f i c t i c ious  f rac t iona l  charge can 
enter from a t o t a l l y  d i f fe ren t  and uninteresting 
e f fec t ,  namely tha t  analogous t o  charge fluctua- 
t ions i n  H; . 
I V .  CONCLUSION 

While the noninteger charge e f f ec t s  discussed above 
w i l l  be screened by the d i e l e c t r i c  constant of the 
medium, as i n  any so l id  the net charge macroscopi- 
ca l ly  carried is  the unscreened charge. The shot 
noise experiment should measure t h i s  charge. 
Fractionalized quantum numbers may be observable 
i n  other systems, such as  domain walls i n  magnT:s and 
3He textures .’ Recently, Goldstone and Wilczek have 
shown haw these ideas can be generalized t o  rela- 
t i v i s t i c  f i e l d  theories i n  higher dimensions. 
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